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 .  w x.n   .. ULet F [ F , . . . , F g C X , . . . , X with det J F g C and let1 n 1 n
 .  .  .  . di w x wM X , Y s m Y q m Y X q ??? qm Y X g C X , Y [ C X , Y , . . . ,i i i0 i1 i i d i i i 1i
x  .  .  .Y be the minimal polynomial of F over C X . We prove that m Y , . . . , m Yn i i0 i d i
have no common zeros in Cn. As a direct consequence, we obtain flatness of
w x w xC F, X over C F for every i. As applications, we obtain simple algebraic proofsi
 . nof the following two known results: i A birational polynomial map from C into
n   .. U  .C with det J F g C is actually an automorphism; ii an injective polynomial
map from Cn into Cn is also an automorphism. Q 1997 Academic Press
1. INTRODUCTION
The main objective of this article is to prove the following new result.
 w x.n  w x.n   .. UTHEOREM 1. Let F g C X [ C X , . . . , X with det J F g C1 n
and let
M X , Y , . . . , Y s m Y q m Y X q ??? qm Y X di .  .  .  .i i 1 n i0 i1 i i d ii
 .be the minimal polynomial of F , . . . , F o¨er C X . Then1 n i
 .  . nm Y , . . . , m Y ha¨e no common zeros in C .i0 i d i
As a direct consequence, we obtain another new result.
 w x.n  w x.n   ..THEOREM 2. Let F g C X [ C X , . . . , X with det J F g1 n
U w x w xC . Then C F, X is flat o¨er C F for e¨ery i.i
As applications of Theorem 1, we obtain simple algebraic proofs of the
following two known results.
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 .  w x.n  w x.n nTHEOREM 3. Let F s F , . . . , F g C X s C X , . . . , X : C1 n 1 n
n   .. U  .  .ª C be a polynomial map with det J F g C , such that C F s C X .
w x w xThen F is an automorphism; that is, C F s C X .
 .  w x.n  w x.n nTHEOREM 4. Let F s F , . . . , F g C X s C X , . . . , X : C1 n 1 n
ª Cn be injecti¨ e. Then F is an automorphism.
Theorem 1 and Theorem 2 may be viewed as generalization of two
w xtheorems of Formanek in 4 .
w xTheorem 3 was first proved by Keller 5 in 1939, as the first step toward
a confirmation of a conjecture he formulated, now called the Jacobian
conjecture, which claims that if F: Cn ª Cn is a polynomial map with
  .. Udet J F g C , then F is an automorphism. To our best knowledge, this
 .conjecture is still open for n G 2 the case n s 1 is trivially true . For a
w xhistory and related topics, see Bass et al. 3 .
Keller's original proof uses deep algebraic geometry which is not easily
w xaccessible. See also Bass et al. 3 for an alternative proof by subtle
commutative algebra.
We believe that the algebraic proof of Theorem 2 given here is simpler,
since it only uses the notions of minimal polynomials and of Zariski
closures from elementary algebraic geometry.
w xTheorem 4 was first proved in 2 . Recently Rudin has published a
w xsimple proof in 7 by complex analysis. It seems the alternative proof
obtained here for Theorem 3 has a somewhat more algebraic flavor.
 .Notation. We often use X, Y, and F to denote X , . . . , X ,1 n
 .  .Y , . . . , Y , and F , . . . , F , respectively.1 n 1 n
2. PRELIMINARIES
 4 w xLEMMA 5. Let f , . . . , f ; K X , . . . , X contain n y 1 alge-1 n 1 ny1
braically independent polynomials o¨er the ground field K. Then there exists a
 U .  .unique up to a factor from K irreducible polynomial G Y , . . . , Y g1 n
w x  .K Y , . . . , Y such that G f , . . . , f s 0. G is called the minimal polyno-1 n 1 n
w xmial of f , . . . , f o¨er K. G has the following property: if L g K Y is such1 n
 . < w xthat L f , . . . , f s 0, then G L in K Y .1 n
 .Moreo¨er, G Y , . . . , Y is the generator of the principal ideal1 n
 : w x w xf y Y , . . . , f y Y K X , . . . , X , Y l K Y .1 1 n n 1 ny1
w x of K Y . Furthermore, the minimal polynomial of f , . . . , f o¨er K K is the1 n
.algebraic closure of K is the minimal polynomial of f , . . . , f o¨er K.1 n
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w x w xProof. See, for instance, Theorem 1 in 9 and Theorem 1 in 10 .
 4 w x  .LEMMA 6. Let f , . . . , f ; C X , . . . , X , T contain n y 1 alge-1 n 1 ny1
 .braically independent polynomials o¨er C T such that for e¨ery t g C,
w xf T s t , . . . , f T s t ; C X , . . . , X 4 .  .1 n 1 ny1
 .contains n y 1 algebraically independent polynomials o¨er C. Then
 .  U .i We can uniquely up to a factor in C choose the minimal polyno-
 . w xmial of f , . . . , f o¨er C T as an irreducible polynomial in C T , Y , i.e., the1 n
 .generator G T , Y of the principal ideal
 : w x w xf y Y , . . . , f y Y C X , . . . , X , T , Y l C T , Y .1 1 n n 1 ny1
w xof C T , Y .
 .  . w xii For all but finitely many t g C, G t, Y g C Y is irreducible in
w x  .  .  .C Y and G t, Y is the minimal polynomial of f T s t , . . . , f T s t1 n
o¨er C.
 .  . w xiii For any t g C such that G t, Y is reducible in C Y , the minimal
 .  .  . w xpolynomial of f T s t , . . . , f T s t o¨er C di¨ ides G t, Y in C Y .1 n
 . w xProof. i As in Theorem 1 in 9 : clear denominators and discard any
factors that depend on T alone. If the resulting polynomial has a nontrivial
factorization, so does the original one.
 .  .ii By Lemma 5, G T , Y is the minimal polynomial of f , . . . , f over1 n
 . w xthe C T . Hence G T , Y is irreducible in C T Y . By the Hilbert .  .
 w x.  .Irreducibility Theorem see, for instance, 8 , G t, Y is irreducible in
w x  C Y for all but finitely many t g C. By substitution, G t, f T s1
.  ..t , . . . , f T s t s 0.n
 .   .  ..iii G t, f T s t , . . . , f T s t s 0.1 n
 .  w x.nLEMMA 7. Let F [ F , . . . , F g C X , . . . , X such that1 n 1 n
  .. Udet J F g C . Then
 .  4i F , . . . , F contains n y 1 algebraically independent polynomials1 n
 . o¨er the field C X for 1 F i F n. Hence we can uniquely again up to ai
U .  . w xfactor in C choose the minimal polynomial M X , Y g C X , Y ofi i
 .F , . . . , F o¨er the field C X as an irreducible polynomial in1 n i
w xC X , Y , . . . , Y .i 1 n
 .   .  .4  .ii For each x g C, F X s x , . . . , F X s x contains n y 1i 1 i i n i i
algebraically independent polynomials o¨er C.
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 .  .iii For all but finitely many x g C, M x , Y is the minimal polyno-i i
 .  .mial of F X s x , . . . , F X s x o¨er C.1 i i n i i
 .  . w x  .iv For x g C such that M x , Y is reducible in C Y , M x , Y is ai i i
 .  .multiple of the minimal polynomial of F X s x , . . . , F X s x o¨er C in1 i i n i i
w xC Y .
 .  .  .Proof. i The transcendence degree of C F over C X is 1 less thani
 .the transcendence degree of C F over C, which is n.
 .ii Set
F j [ F X s x , . . . , F X s x , F X s x , . . . , F X s x .  .  .  . .1 i i jy1 i i jq1 i i n i i
  .. Ufor 1 F j F n. Since det J F g C , expansion of the determinant accord-
  j..ing to the partials of F with respect to X shows that det J F / 0 fori
some j.
 .  .iii and iv By Lemma 6.
Notation. From now on we denote the minimal polynomial up to a
U .  .  .factor in C from the last paragraph by M X , Y s M X , Y , . . . , Y .i i i i 1 n
 .  w x.n   .. ULEMMA 8. Let F [ F , . . . , F g C X with det J F g C and1 n
 .  .let M X , Y be the minimal polynomial of F , . . . , F o¨er C X . Theni i 1 n i
 . X X  .M uX q ¨ , Y is the minimal polynomial of F , . . . , F o¨er C X , wherei 1 n i
u g CU , ¨ g C,
FX X s F X , . . . , X , uX q ¨ , X , . . . , X , j s 1, . . . , n .  .j j 1 iy1 i iq1 n
  X.. U  X  X X..with det J F g C here F s F , . . . , F .1 n
Proof. Straightforward.
 w x.nLEMMA 9. Let F g C X . Then
 .   .  ..i F is birational that is, C F s C X with
U U n1 ny1F Y s , . . . , g C Y .  . . /V V1 n
w xU , V g C Y , gcd U , V s 1 . .i i i i
if and only if for 1 F i F n,
M X , Y , . . . , Y s a V Y X y U Y .  .  . .i i 1 n i i i i
w xU , V g C Y , gcd U , V s 1 , . .i i i i
where a g CU.i
JIE-TAI YU94
 .ii F is an automorphism with
ny1 w xF Y s G , . . . , G g C Y .  .  .1 n
if and only if
M X , Y , . . . , Y s a X y G Y , . . . , Y , .  . .i i 1 n i i i 1 n
where a g CU.i
w xProof. See, for instance, Theorem 5 in 11 .
 4 w x  .PROPOSITION 10. Let f , . . . , f ; C X , . . . , X contain n y 11 n 1 ny1
 .algebraically independent polynomials o¨er C and let G Y , . . . , Y g1 n
w xC Y , . . . , Y be the minimal polynomial of f , . . . , f o¨er C. Suppose1 n 1 n
n <V [ c , . . . , c g C f s c , . . . , f s c ha¨e a common solution . 1 n 1 1 n n
g Cny14
and
n <V G [ c , . . . , c g C G c , . . . , c s 0 . 4 .  .  .1 n 1 n
 .Then V G is the Zariski closure of V.
 .Proof. By Lemma 4, G Y , . . . , Y is the generator of the principal1 n
ideal
 : w x w xf y Y , . . . , f y Y C X , . . . , X , Y l C Y .1 1 n n 1 ny1
w x w x  .of C Y . By Theorem 2.5.3 in 1 , V G is the Zariski closure of V.
 w x.n   .. UPROPOSITION 11. Let F g C X with det J F g C and let
w  .  .x nC X : C F s m. Then for a nonempty Zariski open set of points c g C ,
n <V F y c [ x g C F x s c 4 .  .
contains exactly m points in Cn, and for all c g Cn it contains at most m
points.
w xProof. See, for instance, Lemma 3 in 4 .
3. PROOF OF THEOREM 1 AND THEOREM 2
Proof of Theorem 1. By Lemma 6, for all but finitely many x g C,i
 .  .M x , Y , . . . , Y is the minimal polynomial m x , Y ofi i 1 n i i
F X , . . . , X , x , X , . . . , X , . . . , F X , . . . , X , x , X , . . . , X .  .1 1 iy1 i iq1 n n 1 iy1 i iq1 n
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 .  .over C. Suppose on the contrary, m Y , . . . , m Y have a common zeroi0 i d in  .c g C . Hence for all but finitely many x g C, m x , c s 0. Thereforei i i
the system of equations
F X , . . . , X , x , X , . . . , X s c .1 iy1 i iq1 n
has a zero in Cny1 for infinitely many x g C by Proposition 10. Namely,i
 .V F y c contains an infinite number of points, a contradiction to Proposi-
tion 11.
Proof of Theorem 2. For any fixed i, define a ring homomorphism
w x w x  .f : C X , Y ª C X naturally induced by f X s F for all j / i andi j j
 .  .f X s X . Obviously M X , Y generates the kernel of f. By Theorem 1i i i i
w x w x   .:in Nagata 6 , Theorem 1 implies that C Y, X r M X , Y is flat overi i i
w x w x w xC Y . Applying f , C F, X is flat over C F .i
Remark. When n s 2, Theorem 1 and Theorem 2 become Theorem 5
w xand Theorem 6 in Formanek 4 , respectively. The proofs presented here
are motivated by Formanek's idea.
4. PROOF OF THEOREM 3 AND THEOREM 4
 w x.n n nLEMMA 12. Let F g C X : C ª C be a polynomial map. Then F is
  .. Ubirational with det J F g C if and only if F is injecti¨ e.
  .. UProof. Suppose F is birational with det J F g C . By Proposition 11,
w x   .. UF is injective. Conversely, if F is injective, by Fact 2 in 7 , det J F g C .
By Proposition 11 again, F is birational.
 .Proof of Theorem 3. By Lemma 9, for a fixed i, 1 F i F n, M X , Y si i
 .  .  . Um Y q m Y X . Suppose m Y f C . By Lemma 7 and Lemma 6, ifi0 i1 i i1
 .necessary we may replace F X , . . . , X by1 n
F X , . . . , X , X q c, X , . . . , X .1 iy1 i iq1 n
U  .  .  .with some appropriate c g C ; hence replace m Y by m Y q cm Yi0 i0 i1
 .  . and this new m Y is the minimal polynomial of F X s 0 , . . . , F X si0 1 i n i
.   ..0 . Hence without loss of generality, we may assume deg m Y Fi1
  ..  . deg m Y and m Y is the minimal polynomial of F X si0 i0 1 i
.  .0 , . . . , F X s 0 over C, where deg stands for the total degree. Byn i
 .  . nTheorem 1, m Y and m Y have no common zeros in C . Sincei0 i1
  ..   ..m F X s 0 is identically zero, it follows that m F X s 0 can havei0 i i1 i
  .. U  .no zeros, hence m F X s 0 s e g C . Since m Y is the minimali1 i i0
 .  .  . <  .polynomial of F X s 0 , . . . , F X s 0 , we get m Y m Y y e. Since1 i n i i0 i1
  ..   ..  .  . Udeg m Y F deg m Y , we get m Y s bm Y q e, b g C . If bi1 i0 i1 i0
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 . U  .s 0, then m Y g C , contradiction. If b / 0, replace F X byi1
1
F X , . . . , X , X y , X , . . . , X .1 iy1 i iq1 n /b
 . UWe get m Y s yerb g C , which is impossible since by Lemma 7,i0
 .  .  .m Y is divisible by the minimal polynomial of F X s 0 , . . . , F X s 0i0 1 i n i
 . Uover C, contradiction. Hence m Y g C for any fixed i, 1 F i F n. Byi1
Lemma 9 again, F is an automorphism.
Proof of Theorem 4. By Theorem 3 and Lemma 12.
w xRemark. By Lemma 12, Rudin's paper 7 also yields another simple
proof of Theorem 1.
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